The quantum weak value draws many attentions recently from theoretical curiosity to experimental applications. Now we design an unusual weak measuring procedure as the pre-selection, mid-selection and post-selection to study the correlation function of two weak values, which we called the weak correlation function. In this paper, we proposed an weak measurement experiment to measure the canonical commutator [x,p] = i in quantum mechanics. Furthurmore, we found the intriguing equivalence between the canonical commutation relation and Riemann hypothesis, and then obtained the weak value of nontrivial Riemann zeros. Finally, as an nontrivial example of weak correlations, we also passed successfully a testing on the (anti-)commutators of Pauli operators, which followed the experimental setup of the landmark paper of Aharonov, et al. in 1988. Our proposed experiments could hopefully test the fundamental canonical relationship in quantum worlds and trigger more testing experiments on weak correlations. *
I. MEASURING THE CANONICAL COMMUTATOR [x,p] = i
The weak measurement idea was first introduced by Y.Aharonov et al in 1988 [1] . It was used to show how pre-and post-selection could weakly measure the outcome of operators without collapsed the system. Here, we follow the same idea to measure the fundamental canonical commutation relation (CCR). In quantum mechanics, the CCR is the fundamental postulated relation between canonical conjugate quantities, for instance, the position operatorx and its conjugated momentum operatorp. Historically, the CCR served as a postulated of the quantum theory, which is attributed to Max Born (1925) and resulted in the Heisenberg uncertainty principle. The uncertainty relation implied that no measurement can be simultaneously performed both on a position operator and a momentum operator.
And when one tried to measure the conjugated quantities sequently, the wavefunction of system will collapse strongly in the process of measurement. That is the reason why the CCR haven't been observed directly on experiments by far.
In the article, we try to measure the CCR within the correlation function of weak values in weak measurement, which called as the weak correlation. Weak measurement could fetch quantum information without collapse the measured states. Our setup is then presented in Fig.1a , and we select the states of the system three times, the initial selected state denoted as |i , the mid-selected intermediate state as |f and finally the post-selected state denoted again as |i . We will refer to the three strongly projected states as the pre-selected, midselected and post-selected quantum states, where the pre-selection and post-selection are projected to the same prepared state |i . Compare to the traditional weak measurement [1] , we denote the post-selection twice, that is, one projects strongly on |f and the following back on |i . Now let us define the weak correlation function. With respect to these selected states, in the first half of our setup the weak value of the single weakly measured observablê O is defined as
while in the second half,
with the relation Ow = O * w .
[2]Then we define weak correlation function between the observ-ablesÂ andB, which is given by
where the observableB is weakly measured in the first half and whileÂ is weakly measured in the second half of the experiment setup. Similarly, the weak correlation function between the observablesB andÂ is given by
The above two weak correlations between the observablesÂ andB have the opposite order of measurement. Here we noted a recant work on the product of weak values. [3] The highorder weak correlation functions are defined in Appendix A. Now the weak correlation of a commutator has the form
and the relation with the normal expectation on pre-selected state is
With properly selected initial and finial state and satisfying the certain condition | f |i | 2 = 0, we could get the weak value of commutator. Applying the above formula to the canonical
In general the weak value quantity is a complex number, so we attempt to rewrite the weak values with separated real part ( ) and imaginary part ( ),
where we apply the relations xw = x * w , pw = p * w . Then taking the imaginary part of equation (6) , the weak correlation of the canonical commutator is then simplified as This is the final result of our setup to measure the fundamental canonical commutator in quantum mechanics with weak correlation of the positionx and its conjugate momentum p. For simplicity, suppose we prepare the proper selected states |i and |f to satisfy the condition p w = pw, which implies p w real and its imaginary part {p w } = 0. Then our final result could be further simplified as
Now let us do the experiment as shown in Fig.1b . Suppose we want to weakly measure the positionx of a system in the first half. We shall use an inaccurate pointer P as a measuring probe apparatus. Consider [4, 5] 
wherex d is the position coordinate of the probe pointer, g(t) is a coupling impulse function 
Next, we interselect the state |f by strongly measurement as shown in Fig.1b . Then after this one performs a projective measurement and get the outcome |f f |, and the final state of pointer is given by
where
. Take the initial state |φ(
with the width σ of its probability distribution. Since the measurement is weak, there is a great uncertainty σ in pointer position of |φ(x d ) when read-in. After measuring in the first half, the final state of pointer P will turn out to be
where the final expression could be found in the ref. [6] . This present that if we start with a Gassian pointer, its center will be shifted in real coordinate and phase coordinate as
where if in optical system we could apply a Fourier lens to image the position shift ∆x d or the phase shift ∆p d onto the CCD. [7, 8] Therefore we could read out the imaginary part of x w from the probe pointer P directly with {x w } = −∆x d /2σ 2 .
Let us move forward to the second half, suppose we want to weakly measure the momentump of the particle. Consider 
with pw = i|p|f i|f and the initial state of pointer P is φ (
with width σ . If choosing the proper initial and finial states |i, f to obtain p w = pw, then one could read out the weak value p w = ∆x d from the probe pointer P with the coordinate shift
To conclude the experiment, we predict that
where the correlation function of the measured P-shift and P -shift equals to the product of reduced Planck constant and initial Gaussian variance σ 2 of the first pointer P. This experiment could be performed hopfully to test the cornerstone of quantum mechanics in the near future.
II. MEASURING THE RIEMANN OPERATORR
We define the Riemann operatorR
has a set of eigenstates |φ n R |φ n = R n |φ n , ; that is, nonimaginary
are all real and for instances the first three zeros ρ 1 = 14.13, ρ 2 = 21.02, ρ 3 = 25.01 · · · and so on.
Within our assumption, we could prove that the canonical commutation relation [x,p] = i in quantum mechanics is intimately equivalent to the RH. Firstly, we assume that the RH holds true, then the Riemann operator has eigenvalueŝ
For arbitrary quantum state |ψ = n c n |φ n , we obtain
and for the complex-conjugated operatorR
Then add them together we find that 
where the anticommutatorρ = {x,p} 2
is Hermitian and its discrete eigenvalues are all real with properly quantized. [11] Therefore, for eigenstate |φ n , we obtain thatR|φ n = 1 2
+ iρ n |φ n where ρ n are all real. Thus the imaginary part of discrete eigenstates ofR through the Berry-Keating conjecture [11] , that is, the nontrivial complex zeros of ζ(s) = 0, lie on the critical line {R} = 1/2, which is the same statement as the RH.
Unfortunately, how to quantizeρ is still an open problem. [11, 12] In our framework of weak measurement, we could observe the weak value ofρ
Performing the experiment as we shown in fig. 1b , one gets
and |i, f = n c (i,f ) n |φ n . In our setup one could observe ρ w = ∆p d ∆x d , and expect that the weak measurement of ρ w would shed new light on the spectral realization of nontrivial Riemann zeros. However we have no idea how to reconstruct the spectrum (ρ n ) from the weak value ρ w but still could fetch some information when properly selected states. In short, our main result as we presented allows us to observe the weak value of Riemann operator R w = 1/2 + iρ w , which yields experimentally to the fundamental physical problems of measurability of the CCR postulate of quantum mechanics (see eq. 9) and the Riemann hypothesis of complex analysis and number theory (see eq.
25). 
III. MEASURING PAULI OPERATORS
Now we are about to measure the weak correlation of the anticommutator and commutator,
[σ x , σ y ] w = 2i σ z w .
Following the landmark paper of Aharonov, et al., we choose the selected states[1]
where the initial spin pointed in the xz plane has an angle α with axis x. Now we design the experiment setup with the pre-selection |i , mid-selection |f and post-selection |i .
Performing the experiment, one could measure
and then independently
Thus we obtain the weak correlation functions
[σ x , σ y ] w = 2i tan α/2 = 2i σ z w . Suppose we pre-select the initial state |i at time t 0 , mid-select the following final state |f at time t 1 and then post-select the initial state |i at the last stage. Then we weakly measure the operatorB(t) at the first half when t 0 < t < t 1 and then weakly measure the operatorÂ(t ) at the second half when t 1 < t < t 2 . Now we are going to proof the simultaneity of weak correlation function Â (t )B(t) w = ÂB w . Consider the definition of weak correlation
where t 1 is the time of mid-selection but still arbitrary between the preparation and postselection. Therefore, the weak correlation between the operatorsÂ andB is simultaneously observable but physically measured in order.
By performing the selection processes as follows |i , |f , |i , |f , |i , · · · , as shown the experiment timeline in Fig.2 , we could define the high-order weak correlation functions, correspondingly
w .
where N is a positive integer. The definition of high-order weak correlation still satisfies the simultaneity, the proof is similar to what we did for the second-order weak correlation.
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result of the article is the weak value of Riemann operator R w = 1/2+i⇢ w , rimentally to discuss the fundamental physics questions of measurability late of quantum mechanics (equation (8)) and the Riemann hypothesis of and number theory (equation (24)). To see some basic properties of weak correlations, let us define a dual procedure as preselection |f , mid-selection |i and post-selection |f and so on, which interchanges the selected states |i and |f .
[2]Then we will measure the correlation function of weak values ofÂ andB on this interchanged procedure. The dual weak correlation is given by
In general, for the high-order weak correlations, the symmetries are given by When the Riemann hypothesis is formulated for Dirichlet L-functions, it is known as the generalized Riemann hypothesis (GRH). [9, 13] The formal statement of the GRH follows: A Dirichlet character is a completely multiplicative arithmetic function χ such that there exists a positive integer k with χ(n + k) = χ(n) for all n and χ(n) = 0 whenever gcd(n, k) > 1. If such a character is given, we define the corresponding Dirichlet L-function by
for every complex number s with {s} > 1. By analytic continuation, this function can be extended to a meromorphic function defined on the whole complex plane except s=1.
One can then ask the same question about the zeros of these L-functions, yielding various generalizations of the hypothesis. The GRH asserts that for every Dirichlet character χ and every complex number s with L(χ, s) = 0, if the real part of s is in the critical stripe between 0 and 1, then it is actually on the critical line {s} = 1/2. For example, the case χ(n) = 1 yields the ordinary Riemann hypothesis.
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